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$\mathrm{M}\mathrm{T}\mathrm{P}_{2}$ (multivariate total positivity of order two)
$\mathrm{M}\mathrm{T}\mathrm{P}_{2}$
– $\mathrm{N}\mathrm{a}\mathrm{k}\mathrm{a}\mathrm{i}[5]$ MTP2
$\mathrm{N}\mathrm{a}\mathrm{k}\mathrm{a}\mathrm{i}[6]$ – - FKG MTP2






$\mathcal{B}$ $S$ Borel $P(S)$ $(S, B)$
$P(S)= \{\mu|\int_{S}\mu(dS)=1,$ $\mu(B)\geq 0(B\in B)\}$ (1)
1 $\mu$
1 $\mu$ $\nu$ $P(S)$ 2 2 Borel $A$ $B$
$(A, B\in B)$ $A\prec B$
$\mu(A)\nu(B)\leq\mu(B)\nu(A),$ $i.e..,$ $\geq 0$ , (2)
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1 $A$ $B$ $\mu(B)\nu(A)>\mu(A)\nu(B)$
$\mu\succ\nu$ $A\in B$ 1 $\mu(A)=\nu(A)$ $\mu=\nu$
$\mu=\nu$ $\mu\succ\nu$ $\mu\succeq\nu$
$S$ 2 Borel $A$ $B$ $A\prec B$ $a\leq b$
$a\in A$ $b\in B$
$\mu$ $\nu$ $l^{x}(S)$ $\nu(s)$ (2) $\mu(t)\nu(S)\geq\mu(s)_{l^{\ovalbox{\tt\small REJECT}}}(t)$
$(s, t\in S, s<t)$ $\mathrm{T}\mathrm{P}_{2}$ (total positivity of order two) $S$
$u(\mu)$
$\mu$ $\nu(\mu\succeq\nu)$ $u(\mu)\geq u(\nu)$
$\mu$
MTP2 1 2
$d$ $S$ $A\subset S$ $d(A)$
$d(A)= \sup_{\epsilon a_{1},a2A}d(a1, a_{2})$
$\mu$ $\nu$ $P(S)$ 2 $\mu\succ\nu$ $\mu$ $\nu$
$B$ $S_{\epsilon}$
$S_{\epsilon}=$ {$A\in \mathcal{B}|\mu(A)\geq\nu(A),$ $d(A)<\mathrm{g},$ $A$ }
$(\epsilon>0)$. $\mu$ $\nu$ $\mu$ $\nu$
1 $A,$ $B\in$ $A\cap B\in S_{\epsilon}$ $\mu(A\cup B)\geq\nu(A\cup B)$
$S_{\epsilon}$ $u_{\epsilon}= \inf_{s\epsilon S_{\mathcal{E}}}S$ $E_{\epsilon}$
$E_{\epsilon}=\{A|\{u_{\epsilon}\}\prec A, \mu(A)=\nu(A)=0, A\in B\}$
$\tilde{E}_{e}$ $\tilde{E}_{\epsilon}=\bigcup_{A\epsilon E_{\epsilon}}A$ G. G. $=( \bigcup_{A}\epsilon s_{\epsilon}A)\cup\tilde{E}_{\epsilon}$ $\circ$
2 $G_{\epsilon}=( \bigcup_{A\in S}A\epsilon)\cup\tilde{E}_{\epsilon}$
3 $G$ $G= \bigcap_{\epsilon>0}c6$ $A\subset G$ $A\in B$ $l^{4(A)}\geq$
$\nu(A)$
4 $\mu$ $\nu$ $P(S)$ 2 $\mu\succeq\nu$ $(S\mathrm{x}S, \mathcal{B}\cross B)$
$\delta$
$\delta(A\mathrm{x}S)$ $=$ $\mu(A)$ $f\sigma r$ all $A\in \mathcal{B}$ (3)
$\delta(S\mathrm{X}B)$ $=$ $\nu(B)$ $fo\uparrow$’all $B\in B$ , (4)
$\delta(\{(s,t)|(S, t)\in S\mathrm{x}s, s\geq t\})=1$ (5)
$H$ $H=S\mathrm{n}G\mathrm{c}$ , $G\cup H=S$
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. (2) 2 $\mu$ $\nu$ $G$ $H$
$(S\cross S, \mathcal{B}\cross B)$ $A\mathrm{x}B\in B\cross B$
$\delta$ $S\cross S$ $\delta$
$\delta(A\cross B)$ $=$ $\nu(G\cap(A\cap B))+\mu(L\cap(A\cap B))$
$+ \frac{(\mu(G\cap A)-\nu(G\cap A))(\nu(L\cap B)-\mu(L\cap B))}{\mu(L)-\nu(L)}$
(3) (4) and (5)
$\mu(G)-\nu(c)=\mu(L)-\nu(L)$
$\delta(S\mathrm{X}B)$ $=$ $\nu(G\cap B)+\mu(L\cap B)+\frac{(\mu(G)-\nu(G))(\nu(L\cap B)-\mu(L\cap B))}{\mu(L)-\nu(L)}$
$=$ $\nu(G\cap B)+\nu(L\cap B)=\nu(B)$
(4) $A\cross B\subset\{(s, t)|s<t\}$ $\delta$
$\delta(A\cross B)=0$




$S^{n}= \prod_{=i1}S$ , $\mathcal{B}^{n}=\prod_{i=1}\mathcal{B}$ ,
$S^{1}=S,$ $\mathcal{B}^{1}=\beta$ $\mu_{n}$ $(S^{n}, \mathcal{B}^{n})$
$P(S^{n})$ $(S^{n}, \mathcal{B}^{n})$
$P(S^{\text{ }})= \{\mu_{n}|\int_{S^{n}}\mu_{n}(ds^{n})=1,\mu n(Bn)\geq 0(B^{n}\in Bn)\}$ (6)
$(S^{n}, \mathcal{B}^{n})$ 1 –
2 $S^{n}$ 2 $A^{n}= \prod_{i1}^{n}=A_{i}$ $B^{n}= \prod_{i=1}^{n}Bi$ $A_{i},$ $B_{i}\subset S$ $A_{i}\cap B_{i}=\emptyset$
$(i=1, \cdots, n)$ $A_{i}\prec B_{i}$ $A_{i}\vee B_{i}=B_{i}$ $A_{i}\wedge B_{i}=A_{i}$ V
$A^{n} \mathrm{v}B^{n}=\prod_{i=1}^{\text{ }}Ai\vee B_{i},$ $A^{n} \wedge B^{n}=\prod^{n}i=1A_{i}\wedge B_{i}$
3 $(S^{n}, \beta^{n})$ 2 $\mu_{n}$ $\nu_{n}$ Borel $A^{n}=$
$\prod_{i=1}^{n}A_{i}$ $B^{n}= \prod_{i=}^{n}1B_{i}$ $(A^{n},B^{n}\in \mathcal{B}^{n}, A_{i}, B_{i}\subset S, A_{i}\cap B_{i}=\emptyset, i=1, \cdots,n)$
$\mu_{\text{ }}(A^{n_{}}B^{n})\nu_{n}(An\wedge Bn)-\mu_{n}(An)\nu(nBn)\geq 0$ (7)
1 $A^{n}$ $B^{n}$ $\mu_{n}(A^{n_{\vee}}B^{n})\nu n(An\Lambda Bn)>\mu_{n}(A^{n})_{\mathcal{U}}n(B^{n})$
$\mu_{n}\succ\nu_{n}$ $A^{n}\in$ 1 If \mu 7(A $=\nu_{n}(A^{n})$
$\mu_{n}=\nu_{n}$ $\mu_{n}=\nu_{n}$ $\mu_{n}\succ\nu_{n}$ $\mu_{n}\succeq\nu_{n}$
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1 $S$ $\mu$ $\nu$ $A\prec B$ Borel $A$ $B$
$(A, B\in B)$ (2) $\mu$ $\nu$ $\mu(s)$ $\nu(s)$
( $s,$ $t\in S$ \mu (s V $t$) $\nu(s\wedge t)\geq\mu(s)\nu(t)$ $\mathrm{T}\mathrm{P}_{2}$
(2) –
$(s^{\text{ }}, \mathcal{B}^{n})$ (7) X
$\mathrm{L}4\mathrm{T}\mathrm{P}_{2}$ (7)
MTP2 – $\mathrm{M}\mathrm{T}\mathrm{P}_{2}$ 2 (20)
$FKG$ [$\mathit{1}\mathit{1},[\mathit{2}l,I7J$ –
5 $\mu_{n}$ $\nu_{n}$ $P(S^{n})$ 2 $\mu_{n}\succeq\nu_{n}$ $\mu_{n-1,n-1}\nu$ $\mu_{\text{ }}$
$\nu_{n}$ $\mu_{n-1}(A^{n-}1)=\mu_{n}(A^{n-}1\cross S)$ $\nu_{n-1}(Bn-1)=\mathcal{U}_{n}(An-1\mathrm{x}S)$
$(A^{n-1}\cross S, B^{n-1}\cross S\in S^{n-1}\cross S=Sn)$
$\mu_{n-1}(A^{n-1}\vee B^{n-1})\nu_{n}-1(An-1\wedge Bn-1)-\mu n-1(An-1)\nu_{n-1}(Bn-1)\geq 0$
. $S\mathrm{x}S$ $D=\{(s, t)|s<t, s, t\in S\},$ $E=\{(s, t)|s=t., s, t\in S\}$
$F=\{(s, t)|s>t, s, t\in S\}$ 3
$\mu_{n-1}(A^{n-}1)_{U(B)=}\text{ }-1\text{ }-1\int_{S\mathrm{x}S}\mu_{n}(A^{n-1}, ds)\nu_{n}(B^{n-1}, dt)$
$=$ $\int_{D}\{\mu_{n}(An-1, ds)\nu n(Bn-1, dt)+\mu n(An-1, dt)_{U_{n}}(B^{n}-1, ds)\}$
$+f_{E}\mu_{n}(A^{n-}1, dS)\mathcal{U}n(Bn-1, dt)$
$\mu_{n-1}(A^{n}-1_{B^{n-1})}\nu_{n-1}(A^{n-1}\wedge B^{n}-1)$
$=$ $\int_{D}\{\mu_{n}(A^{n}-1SB^{n-1}, d)\nu n(A^{n-1}\wedge Bn-1, dt)$
$+\mu_{n}(An-1\vee B^{n-1}, dt)\nu_{n}(An-1\wedge B^{n-1}, ds)\}$
$+f_{B}\mu_{n}(An-1\vee B^{n-1}, dS)\nu_{n}(An-1\wedge B^{n-1}, dt)$
$D$ $F_{\lrcorner}$
6 $\mu_{n}$ $\nu_{n}$ $P.(S^{n})$ 2 $\mu_{n}\succeq\nu_{n}$ $(S^{n}\cross S^{n},\dot{e}^{n}\cross B^{n})$
$\delta$
$\delta(A^{tl}\cross S^{n})$ $=$ $\mu_{n}(A^{n})$ $A^{n}\in B^{n}$ (8)
$\delta(S^{n}\cross B^{n})$ $=$ $\nu_{n}(B^{n})$ $B^{n}\in B^{n}$ , (9)
$\delta(\{(s^{n}, t^{n})|(.s^{n},t^{n})\in S^{n}\cross S^{n},s^{n}\succeq t^{n}\})=1$ (10)
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. $\mu_{n},$ $\nu_{n}$ $\mu_{n-1},$ $\nu_{n-1}$ $\mu_{n-1}(A^{n-}1)=\mu_{n}(A^{n-}1\cross S),$ $\nu_{n-1}(Bn-1)=\nu_{n}(An-1\cross$
$S)(A^{n-1}\cross S, B^{n-1}\cross S\in S^{n-1}\cross S=s^{n})$ 5 . $(S^{n-1}, e^{n-}1)$
$\mu_{n-1},$ $\nu_{n-1}$
$S^{n-1}= \prod_{i=1}sn-1$, $B^{n-1}= \prod_{i=1}^{n-1}\mathcal{B}$,
$(S^{n-1}\cross s^{n-1}, e^{n-1}\cross ae\tau \mathrm{z}-1)$ $\tilde{\delta}$
$\tilde{\delta}(A^{n-1}\mathrm{x}S^{n-1})$ $=$ $\mu_{n-1}(An-1)$ $A^{n-1}\in\beta^{n-1}$ (11)
$\tilde{\delta}(S^{n-1}\mathrm{x}B^{\text{ }}-1)$ $=$ $\nu_{n-1}(A^{n-}1)$ $B^{n-1}\in \mathcal{B}^{n-1}$ , (12)
$\tilde{\delta}(\{(_{\mathit{8}^{n}t}-1,n-1)|(S^{n}-1, tn-1)\in s^{n-}1\cross S^{n-1}, S\succ n-1-1t^{n}\})=1$ (13)
2 $A^{n-1}$ $B^{n-1}$ $A^{n-1}\prec B^{n-1}(A^{n-1},$ $B^{n-1}\in B^{n-1},$ $A^{n-}1n-1= \prod_{i}=1A_{i},$ $B^{n-1}=$
$\prod_{i1}^{n-1}=Bi)$ $\mu_{n-1}(A^{n}-1)\neq 0,$ $\mu_{n-1}(B^{n-}1)\neq 0$ $A,$ $B\in \mathcal{B}$
$\hat{\mu}_{A^{n-1}}$ $=$ $\frac{\mu_{n}(A^{n-1}\cross A)}{\mu_{n-1}(A^{n}-1)}$ , (14)
$\hat{\nu}_{B^{n-1}}$ $=$ $\frac{\nu_{n}(B^{n-1}\mathrm{x}B)}{\nu_{n-1}(B^{n}-1)}$ (15)
$\mu_{n}(A^{n-1}\mathrm{x}A)$ $=$ $\hat{\mu}_{A^{n-1}1}(A)\mu_{n}-(A^{n-1})$ , (16)
$\nu_{n}(B^{n-1}\mathrm{x}B)$ $=$ $\hat{\nu}_{B^{n-1}}(B)\nu-1(nBn-1)$ , (17)
$\hat{\mu}_{A^{n-1}},\hat{\nu}B^{n-}1$ $(S^{1}, B^{1})=(S, B)$
$\hat{\mu}_{A^{n-1}}\succeq\hat{\nu}_{B^{n-\iota}}$ 4 $(S\cross S, \mathcal{B}\mathrm{x}B)$ $\hat{\delta}_{A^{n-1},B^{n-1}}$
$\hat{\delta}_{A^{n-1}},B^{n-\iota(S)}A\cross$ $=$ $\hat{\mu}_{A^{n-}}1(A)$ $A\in \mathcal{B}$ (18)
$\hat{\delta}_{A^{n-1},B^{n}}-1(s\chi B)$ $=$ $\hat{\nu}_{B^{n-}}1(B)$ $B\in B$ , (19)
$\hat{\delta}_{A}n-\iota,Bn-1(\{(s, t)|(S, t)\in s\cross S, S\geq t\})=1$
$(S^{n}\mathrm{x}S", \mathcal{B}^{n}\mathrm{x}\beta n)$ $\delta$






4k- $\varphi$ : $\mathcal{R}_{+}^{k}arrow \mathcal{R}+$ $x\prec y$ $\varphi(x)\leq\varphi(y)(\varphi(x)\geq\varphi(y))$
$x$ ( )





$\leq$ $S$ $B$ $S$ Borel
$P(\cdot|s)(s\in S)$ $S$ $S$ $B\in B$
$P(B|_{S)=} \int_{B}p(dt|s)$ ,
$s\in S$ $p(\cdot|s)$ $S$ $P(B|\cdot)$
$p(\cdot|s)$
$s$ $X_{s}$
$s\in S$ Borel $C\subset \mathcal{R}_{+}^{k}=(0, \infty)^{k}$
$\mathrm{P}\mathrm{r}(Xs\in c)=\int_{C}f(dx|s)$ , (21)
$f(x|s)$ Pr(X, $\in C$) $= \int_{c^{f(x}}$ ls)
$S$ 2
$P(S)$ 1














$\mathcal{X}^{1}=\mathcal{X}$ $\mathcal{X}$ $\mathcal{R}+$ Borel $s\in S$
$F_{k}(\cdot|s)$ $(\mathcal{R}_{+}^{k}, \mathcal{X}^{k})$
1 2 Borel $X^{k}= \prod_{i=1}^{k}X_{i}$ $\mathrm{Y}^{k}=\prod_{i=1}^{k}Y_{i}(X^{k},$ $\mathrm{Y}^{k}\in$
$\mathcal{X}^{n},$ $x^{r_{i}},$ $l_{i}\nearrow\subset \mathcal{R}_{+},$ $X_{i}\cap l^{\nearrow=}i\emptyset,$ $i=1,$ $\cdots,$ $k)$ $s,$ $t\in S$
$F_{k(X^{k}}\vee \mathrm{Y}^{k}|s\vee t)F_{k(X}k\wedge \mathrm{Y}^{k}|s\wedge t)\geq F_{k}(Xk|s)^{p_{k}}(\mathrm{Y}k|t)$ . (24)
2 $s\in S$ P( )(s\in S) $s$ $t$ $s\prec t$
$P(A|S)P(B|t)\leq P(B|s)P(A|S)$ (25)
2 (24) (25)
$f(x\wedge y|s\wedge t)f(Xy|s\vee t)$ $\geq$ $f(y|s)f(X|t)$ , (26)
$p(u|s)p(v|t)$ $\geq$ $p(v|s)p(u|t)$ (27)
$u\prec v(u, v\in S)$ (2 $\mathrm{M}\mathrm{T}\mathrm{P}_{2}$ $\mathrm{T}\mathrm{P}_{2}$ –
1 $s$
1 2 (22) (23)
Nakai [4]
5 $x=(x_{1}, \cdots, x_{k})$ $y=(y_{1}, \cdots,y_{k})$ $\mathcal{R}_{+}^{k}$ 2 $\circ$ $x_{i}\leq y_{i}(i=$
$1,2,$ $\cdots,$ $k)$ $x$ $y$ $x\prec y$
7 $\mu,$ $\nu\in P(S)$ $\mu\succeq\nu$ $\overline{\mu}\succeq\overline{\nu}$
1 $\mu\in P(S)$ $x\prec y$ $\overline{\mu(x)}\succeq\overline{\mu(y)}$
2 $x\in \mathcal{R}_{+}^{k}$ $\mu\succeq\nu$ $\overline{\mu(x)}\succeq\overline{lJ(x)}$




$\overline{\mu(X\vee y)}(St)\overline{\mu(x\wedge y)}(s\wedge t)\geq\overline{\mu(y)}(S)\overline{\mu(X)}(t)$
Mkai $I\mathit{4}$ ,
1 $S=\mathcal{R}+$
1 $\mu_{k}$ & $\nu_{k}$ $(\mathcal{R}_{+}^{k}, \mathcal{X}^{k})$ 2 $C^{k}= \prod_{i1}^{k}=$ Ci $D^{k}= \prod_{i1}^{k}=D_{i}$
2 Borel $(C^{k}, D^{k}\in \mathcal{X}^{k}, Ci, D_{:}\subset \mathcal{R}_{+}, Ci \cap D_{i}=\emptyset, i=1, \cdots, k)_{\text{ }}$
$\mu_{k}(C^{k_{}}Dk)\nu_{k}(\mathrm{c}^{k}\wedge D^{k})-\mu_{k}(\mathrm{c}k)\nu k(D^{k})\geq 0$
$h:\mathcal{R}_{+}^{k}arrow \mathcal{R}+$
$\mathcal{X}^{k}$
$\int \mathcal{R}_{+}^{k}(_{X}h(x)d\mu_{k})\geq I^{h}n_{+}^{k}*(x)d\nu k(X)$
$\varphi(x)$ $x$ 1 1 $\Phi(s)=\mathrm{E}[\varphi(\mathrm{x}_{s})]i\partial^{\grave{\grave{\mathrm{a}}}}s$
1











$v_{n}(\mu)=\mathrm{E}_{\mu}[\mathrm{m}\xi \mathrm{i}\mathrm{X}\{\varphi(x),lJ_{n}-1(\overline{\mu(X)})\}]$ , (28)
$v_{n}( \mu|x):=\max\{\varphi(X), vn-1(\overline{\mu(x)})\}$ (29)
1, 2 8
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9 $v_{n}(\mu|x)$ $\mu$ $x$ $\mu\succeq\nu$ $X\prec y$
$v_{n}(\nu|x)\leq v_{n}(\mu|x)$ $v_{n}(\mu|x)\leq v_{n}(\mu|y)$ $v_{n}(\mu)$ ( $\mu$
$\mathcal{R}_{+}^{k}$ $S_{n}(\mu)$ $S_{n}(\mu)=\{x|\varphi(X)\geq v_{\hslash-1}(\overline{\mu(x)})\}$
10 $\mu\succeq\nu$ $S_{n}(\mu)\subset S_{n}(\nu)$
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